We prove Gaussian estimates for heat kernels on semisimple Lie groups by using the method of Bloch wave representation. We also give a large time asymptotic expansion for heat kernels on compact extensions of abelian Lie groups.
Introduction
Let G be a connected noncompact semisimple Lie group with finite center, and let E 1 , . . . , E n be left-invariant vector fields that satisfy Hörmander's condition; that is, they generate together with their successive Lie brackets
. .]]] the tangent space T x G at the very point x ∈ G.
Let us consider the sub-Laplacian L = −(E 2 1 + · · · + E 2 n ), and let us denote by P t (x, y) the associated heat kernel, that is, the fundamental solution of the heat equation ((∂/∂t) + L)u = 0. We are interested in the large time behavior of the heat kernel P t (x, y) .
Let us fix some notation. Let K be a maximal compact subgroup of G. Let g and f denote the Lie algebras of G and K , respectively, and let g = f + p be the Cartan decomposition of g. Note that f and p are orthogonal with respect to the Killing form B on g × g. B is positive definite on p and negative definite on f.
Let a be a maximal abelian subspace of p, and let us denote by ·, · the inner product induced by B on a and denote by | · | the corresponding norm. Also, let be the dual of a, and let C be its complexification.
Let us fix a positive Weyl chamber a + , and let us denote by the set of positive restricted roots and by 0 the set of indivisible ones. For every root ζ ∈ , let us denote by g ζ the corresponding root space. Then n = ζ ∈ g ζ is a nilpotent subalgebra of g, and we have the Iwasawa decomposition g = f ⊕ a ⊕ n. Let A and N be the analytic subgroups of G which correspond to a and n, respectively. A and N are simply connected, and S = N A is a solvable Lie group. Also, G = K AN . Every g ∈ G can be written in a unique way as g = κan, with κ ∈ K , a ∈ A, n ∈ N .
We set N (g) = n, H (g) = a, K (g) = κ. We also have the Cartan decomposition G = K exp a + K .
Let m ζ denote the multiplicity of the root ζ ∈ , and let ρ = (1/2) ζ ∈ m ζ ζ . Note that if G is complex, then 0 = and m ζ = 2, for all ζ ∈ . We set d = dim a, σ 0 = | 0 |, m = dim(n), and n = d + m.
If a ∈ A, then let log a denote the unique element of h p such that a = exp(log a). In order to simplify the notation, we identify A and a with R d , using the exponential map, and hence a stands for both a ∈ A and log a ∈ a. We also assume that ·, · coincides with the Euclidean inner product on R d . So, if λ is a linear form on a and g = naκ, with n ∈ N , a ∈ A, κ ∈ K , then we set λ(g) = λ(a) = λ(log a). Note that then λ(g) = −λ(H (g −1 )), g ∈ G.
Let us fix Haar measures dn, da, and dk on N , A, and K , respectively, and let us assume that dk-measure(K ) = 1 and that the Haar measure dg on G is normalised so that dg = e 2ρ(a) dκ da dn = e −2ρ(a) dn da dκ. Note that e −2ρ(a) is the modular function of the group S = N A.
Let U be a compact neighborhood of the identity element e of G, let U n = {x 1 x 2 · · · x n : x 1 , x 2 , . . . , x n ∈ U }, and let |x| = inf{n : x ∈ U n }. A function f is called spherical if f (κ 1 xκ 2 ) = f (x), κ 1 , κ 2 ∈ K , x ∈ G. The elementary spherical function associated to λ ∈ C is given by ϕ λ (x) = K e (iλ− )H (xκ) dκ.
The spherical Fourier transform F f (λ) of a spherical function f ∈ L 1 (G) is defined by
The Abel transform is defined by
A f (a) = e −ρ(a) N f (na) dn, a ∈ A.
(1.1)
The spherical Fourier tranform F f is equal to the Euclidean Fourier transform A f of the Abel transform A f ; that is,
We have the inversion formula
where c(λ) is the famous c-function of Harish-Chandra.
When G is complex, we have the inversion formula f (a) = c ζ ∈ 0 1 e ζ (a) − e −ζ (a)
where D ζ denotes differentiation in the direction of ζ . In the case of the symmetric space X = G/K , the heat kernel h t (x, y) can be lifted to G, and then the function h t (x, e) becomes spherical and F h t = exp(−(|ρ| 2 + |λ| 2 )t). So, we can hope to obtain estimates for the heat kernel by inverting the spherical transform. In some particular cases, this is not too difficult. For example, if G is complex, then we can pass to the Abel transform and use formula (1.3) (cf. [G] ). In the general case, however, it is very difficult to obtain good estimates for the heat kernel h t (x, y) . A large part of this program has been carried out in [An3] and [AJ] .
In our case the sub-Laplacian L is only left-invariant, and hence the first difficulty is already the fact that the function P t (x, e) is not spherical. To remedy this, we observe that, by the local Harnack inequality, there is c > 0 such that
(1.4)
So we can work instead with the kernel
Then the function P t (x, e) is spherical. The problem now is to obtain good estimates for the Abel transform
To this end, let us consider the kernel
As we shall see, A P t (x, y) can be related to the heat kernel of the projection L AK of L on AK = N \G. This operator is left-invariant with respect to A. If we fix bases for the Lie algebras a and f, then we can express L AK as a second-order hypoelliptic differential operator with coefficients depending only on K . We study the operator L AK by using techniques from homogenization theory (cf. [A2] , [BLP] , [JKO] ). The first observation is that the kernel A P t (x, y) satisfies the expected Gaussian estimates. This can be shown by arguing as in [A2] . From these estimates, we can obtain Gaussian estimates for the heat kernel P t (x, y) by using the property of conservation of support for the Abel transform and by arguing as in [An3]. As we shall see, for example, it is easy to show that there is c > 0 such that
In order to obtain better estimates, we need an asymptotic expansion for the kernel A P t (x, y) . This is done by adapting the method of Bloch wave representation (cf. [BLP] , [JKO] , [S] , [KS] , [OZ] ). We prove the following result.
(1.10) If G is complex, then (1.9) and (1.10) follow from the asymptotic expansion for A P t (x, y) by using formula (1.3). For the general case, we follow the approach of [AJ] .
Another consequence of our analysis of the operator L AK is a large time asymptotic expansion for heat kernels on the compact extensions of abelian groups. More precisely, let us assume that G is a connected Lie group that has a closed analytic abelian subgroup A G such that G/A is compact. By taking the quotient G/C with the maximal torus C of A if necessary, we assume that A is simply connected and hence that A ∼ = R d and G = AK , with K a compact subgroup. Let L be a leftinvariant sub-Laplacian on G as before. Then we can associate to L a homogenized sub-Laplacian L H on A (cf. [A2] ). L H is an elliptic operator with constant coefficients on A. Let P H t (x, y) be the heat kernel of L H , and let us extend
Then we have the following theorem. and C m,n (z, w) , m, n ∈ N d , on K such that for all x ∈ A, z, w ∈ K , and t ≥ 1,
Similar estimates also hold for sub-Laplacians with a drift term as well as for the convolution powers of continuous densities with compact support, but this will be the subject of another paper (cf. [LA] ). Throughout this paper the different constants are always denoted with the same letter c. When their dependence or independence is significant, it is clearly stated.
Also, in order to simplify the notation, we drop the summation signs for repeated indices.
General considerations

Vector fields
Let us identify the elements X of n + a with the left-invariant vector fields on S × K satisfying X (e) = X and the elements X of f with the right-invariant vector fields on S × K satisfying X (e) = X . Let us fix {X q , . . . , X d+1 }, {X d , . . . , X 1 }, and {X 0 , . . . , X −r } bases, respectively, of n, a, and f. Since we have identified A with
Let E be a left-invariant vector field on G. Then
To see this, let us recall that, by the Baker-Campbell-Hausdorff formula,
The sub-Laplacian L
We want to express the sub-
Hence we have the expression
Note that a i j = a ji .
The heat kernel of L
As we have already mentioned, the heat kernel P t (x, y) of L is defined as the fundamental solution of the heat equation ((∂/∂t) + L)u = 0. It is also the kernel (with respect to the measure dg) of the heat semigroup
Hence, by the local Harnack inequality, there is c > 0 such that
3)
It follows that if P t (x, y) is as in (1.5), then there is c > 0 such that
Conjugation with e ρ
Let us consider the operator L ρ = e −ρ Le ρ . By (2.2),
Let P ρ t (x, y) denote the heat kernel of L ρ (with respect to the measure dg). Then
AK with respect to the measure da dκ. If the function f is as before, then 
This implies that
Let us now assume that µ is the lowest eigenvalue of the projection
Let us also assume that p > 0 and that
Note that the operator (1/ p 2 )D is symmetric with respect to the measure p 2 da dκ. Let K t (x, y) be the heat kernel of (1/ p 2 )D with respect to p 2 da dκ. Then
Let us denote by D K the projection of D on K , and let us set, for f ∈ L 1 (K ),
Let us fix a function f ∈ C ∞ (A), and let us extend f to AK by setting
We define the (first-order) correctors ψ j , 1 < j ≤ d, as solutions of the problem
The homogenized operator D H is defined by
The (second-order) correctors ψ i j , 1 ≤ i, j ≤ d, are defined as solutions of the problem
Arguing as in [A2] , we can prove that the matrix (q i j ) is positive definite and hence that D H is elliptic.
Combining the above definitions with (3.3), we have the following expression, which explains the relation between the operators D and D H :
Now, let us consider the corrector ψ t defined by
where the function U satisfies
The uniform decay of K t (x, y)
We have the following theorem.
There is c > 0 such that for all x, y ∈ AK and t ≥ 1,
Theorem 4.1 can be proved by adapting certain arguments from [VSC] . For reasons of completeness we sketch the proof. Note that we do not make use of the fact that the kernel K t (x, y) is symmetric. Let us observe that it is enough to consider only t ∈ N. Also, by considering the direct product AK × R 2 and by replacing K t (x, y) with its product with the ordinary heat kernel on R 2 , we can assume that d > 2.
By the local Harnack inequality for the heat kernel P t (x, y), we have that for every compact B ⊆ AK , there is c > 0 such that
(4.2) Let us consider a compactly supported function φ ∈ C(A), and let us assume that
Let us write K and S instead of K 1 and S 1 , respectively. By (4.2), there is c > 0 such that
Proof
Let us recall that the operator (I − S) −1/2 is defined by
where S 0 (x, y) = δ x (y), the Dirac mass at x, and where the coefficients a n are as in the power series (1
Let 1 ≤ p < ∞, and let q be such that p, q) . Then by the Marcinkiewicz interpolation theorem,
It follows that, for λ > 0,
Now we have
and the lemma follows.
It follows from Lemma 4.2 that there is c > 0 such that
We have
So by (4.5),
By replacing f with K k f , we get
The above inequality implies estimate (4.1) (cf. [VSC, Lemma VII.2 .6]).
Estimates for the kernel K t
Once we have (3.5) and (4.1), then working in exactly the same way as in [A2] , we can prove the following estimates.
There is a constant c > 0 such that
Concerning the space derivatives, we have the following theorem.
and all x, y ∈ AK and t ≥ 1,
We also have estimates of the Berry-Esseen type.
There is c > 0 such that for all x, y ∈ A, z, w ∈ K , and t ≥ 1,
Concerning the space derivatives, we have the following estimate. For all ∈ N and all 1 ≤ i 1 , . . . , i ≤ d, there is c > 0 such that
for all x, y ∈ A, z, w ∈ K , and t ≥ 1.
Proof of estimate (1.8) Let us set
Then the property of conservation of the support for the Abel transform says that if f is a smooth spherical function, then supp f ⊆ U r if and only if supp A f ⊆ V r (cf., e.g., [An1] ). Let us fix x ∈ A, |x| ≥ 4, and let us consider a smooth function φ on A, such that |∇φ(y)| ≤ 1, y ∈ A, φ(y) = 0, |y| ≤ 1, and φ(y) = 1, |y| ≥ 2, and let
Then, by (2.8) and (3.2), A P t (x, e) = e −µt K t (x). Let
Then, by the conservation of the supports property of the Abel transform, we have
(6.1) Now, let us observe that |ϕ ξ (x)| ≤ ϕ 0 (x) and that (cf. [AJ] )
where the notation f (x) h(x), x ∈ B, means that there are constants c 1 ,
Also, by (5.2), for every multi
Hence, for all m ∈ N, there is c > 0 such that
It follows from (6.1), (6.2), and (6.3) that
which proves (1.8).
Bloch wave expansions
In this section we obtain higher-order expansions for the heat kernel K t (x, y) in terms of the homogenized heat kernel K H t (x, y) and its derivatives. We use the method of Bloch wave expansions (cf. [JKO] , [BLP] , [S] ).
Let us recall that we have identified A with
z, w ∈ K , and let x = az and y = bw. Then, for convenience, we set
We also use the notation
Given ξ ∈ A, let us consider the operator
The heat kernel of the operator (1/ p 2 )D(ξ ) is given by
Let G t (ξ, x, y) be the heat kernel of the projection of (1/ p 2 )D(ξ ) (also denoted by (1/ p 2 )D(ξ )) on the compact space K . Then we have
Note that (7.1) is similar to the Bloch representation formula for the heat kernel of differential operators with periodic coefficients (cf. [JKO, p. 79] ).
We proceed now as in [JKO] . Let us denote by G t (ξ ) the operator
Let us consider an orthonormal basis {φ j (ξ, z), j = 0, 1, . . .} of L 2 (K , p 2 dκ) consisting of eigenfunctions of (1/ p 2 )D(ξ ), and let us assume that it is enumerated in such a way that the corresponding eigenvalues λ j (ξ ), j = 0, . . . , form an increasing sequence
Let us observe that λ 0 (0) = 0 and that if λ(ξ ) is an eigenvalue for D(ξ ) with corresponding eigenfunction φ(ξ, z), then λ(ξ ) and φ(ξ, z) are eigenvalue and eigenfunction, respectively, for the operator
Let us also observe that if φ(ξ, x) is an eigenfunction with corresponding eigenvalue λ(ξ ), then φ(ξ, x) is also an eigenfunction with corresponding eigenvalue e −λ(ξ )t , for the operator G t (ξ ). It follows that for all r > 0, there is δ = δ(r ) > 0 such that
Also, there is r 0 > 0 and ε > 0 such that λ 0 (ξ ) is a simple eigenvalue for |ξ | ≤ r 0 and
Let us fix such an r 0 , and let δ 0 = δ(r 0 ) > 0 satisfying (7.2). We have
Arguing as in [S] , we can prove that if r 0 is chosen small enough, λ 0 (ξ ) and φ 0 (ξ, z) are analytic functions of ξ for |ξ | ≤ r 0 . So we have the expansions 
Let us set
We denote also by H t (ξ ) the operator defined by this kernel.
LEMMA 7.1 There is c > 0 such that for all ξ ∈ A, z, w ∈ A, and t ≥ 1,
We have H t+s (ξ ) = H t (ξ )H s (ξ ) and hence
and hence by (5.1), there is c > 0 such that for all ξ ∈ A, z, w ∈ A, and t ≥ 1,
we have that there is c > 0 such that
It follows from (7.8) and (7.9) that there is c > 0 such that for all z ∈ K , ξ ∈ A, t ≥ 1,
(7.10) Combining (7.6) and (7.10), we have that there is c > 0 such that
The lemma follows from (7.7) and (7.11). 
Proof By (7.1),
, and by (5.2), there is c > 0 such that
Hence there is c > 0 such that
(7.13) Also,
14)
The lemma follows from (7.13) and (7.14).
LEMMA 7.3
The eigenvalue λ 0 (ξ ) is invariant with respect to the Weyl group W ; that is, λ 0 (w·ξ ) = λ 0 (ξ ), w ∈ W .
Proof Let P t (x, y) be as in (1.5). Then its spherical Fourier transform is given by
Also, F P t is W -invariant; that is,
Let us set
Then, by (2.8), (3.2), and (7.1), F P t (ξ ) = e −µt G t (ξ ). Let us also set
If we take |ξ | small and let t → ∞, we get λ 0 (ξ ) = λ 0 (w · ξ ).
COROLLARY 7.4
The quadratic form b i j ξ i ξ j is invariant with respect to the Weyl group.
The coefficients b i j , c j , and c i j , 1 ≤ i, j ≤ d
Let us observe that
Let us consider the equality
The comparison of the terms linear in k yields Dc j = i X λ α λj and hence
Comparing the terms of second order, we have
Since the first part of the above equation has mean zero, the same must also hold for the second member; hence
This implies that
9. The expansion for e −tλ 0 (ξ ) φ 0 (ξ, z)φ 0 (ξ, w) Let us fix a large N ∈ N. Then
It follows that
and hence that
where
Asymptotic expansion for K t Let us set
Also, let
It follows from (7.5) and (7.12) that there are constants c, c > 0 such that
2) for all t ≥ 1 and z, w ∈ K . Since for all m, n ∈ N and c > 0 there is c > 0 such that
we have
Finally, let us observe that, by (9.1), and C m,n (z, w) , m, n ∈ N on K such that for all x ∈ A, z, w ∈ K , and t ≥ 1,
Note that Theorem 1.3 is a consequence of Theorem 10.1. Since
the previous calculations also give the following corollary.
COROLLARY 10.2 For every multi-index ν ∈ N d and all x ∈ A, z, w ∈ K , and t ≥ 1,
(10.6) Now, let us fix N ∈ N, N > N , and let us observe that, by (5.3), every term in (10.6) is of the order O(exp(−|x| 2 /ct)). It follows that for all ε ∈ (0, 1),
ct by taking ε small enough, we have the following corollary. COROLLARY 
10.3
For every multi-index ν ∈ N d and all N ∈ N, there is c > 0 such that for x ∈ A, z, w ∈ K , and t ≥ 1,
11. Proof of Theorem 1.1 when G is complex When G is complex, the elementary spherical function ϕ 0 is given by
Then, by (2.8) and (3.2),
By (10.7), there are constants C j and C m,n such that for all x ∈ A and t ≥ 1,
Let us observe that there are constants
+ terms with lower-order powers of x. (11.3) Now let us recall that the polynomial π (x) is skew with respect to the action of W , that is, π (w · x) = π (x) det(w), and that it divides every other polynomial that has this property (cf. [H, Corollary III.3.8 0) is W -invariant, the left-hand side in (11.3) is skew, so the right-hand side must also be skew. Hence
]). Hence if Q(x) is a polynomial that is skew and deg(Q)
We point out that
We have 6) where deg(q m+n−ν ) ≤ |m| + |n| − |ν| = 4k + − |ν|. After derivation and by grouping together terms with same powers of t, (11.4) can be written as
This implies that the left-hand side in (11.7) is skew and hence that the right-hand side must also be skew.
. Hence (11.7) can be written as (11.8) This implies that the terms in (11.6) with |m| + |n| − |ν| < |ν| ⇐⇒ |ν| > 2k + 2 do not have any final contribution to the sum (11.8). Now let us assume that |ν| ≤ 2k + ( /2). Then, by (11.5), 10) for some k and as in (11.5). The case k = = 0 corresponds only to the term
It follows from (11.9), (11.10), and (11.11) that
(unless k = = 0 and hence r = | 0 |). Now let us observe that for all k ∈ N there is c > 0 such that
(11.13) It follows from (11.8), (11.12), and (11.13) that
Let ω(x) = min{ζ (x), ζ ∈ 0 }, x ∈ A, and let us choose large constants c 0 > 0 and N ≥ | 0 |. Then it follows from (11.13) and (11.14) that
Theorem 1.1 follows by using the local Harnack inequality.
Proof of Theorem 1.1 in the general case
Let us recall that we have identified a and A with R d and the inner product ·, · induced by the Killing form with the Euclidean inner product on R d . As before, let us set ω(x) = min{ζ (x), ζ ∈ 0 }, x ∈ A. Note that ω(x) ≥ 0 if and only if x = exp H with H ∈ α + . If λ ∈ , then let us denote by H λ the element H λ ∈ A such that λ(x) = H λ , x , x ∈ A, and set λ, ζ = H λ , H ζ , λ, ζ ∈ . We set ω(λ) = min{ ζ, λ , ζ ∈ 0 }, λ ∈ . By identifying λ with H λ , we identify with a, and thus we have λ,
By the local Harnack inequality, it is enough to prove (1.10) for those x ∈ A that satisfy ω(x) > c 0 , for some large c 0 > 0.
The spherical Fourier transform of P t (x, e) is given by
Then, by (2.8), (3.2), and (7.1), F P t (ξ ) = e −µt G t (ξ ), and hence
Let us recall that (cf. [AJ] )
Then by (7.5) and (7.12), for all m ∈ N there are c, c > 0 such that
Also, there are constants c j , c m,n such that for all N ∈ N and |ξ | ≤ r 0 ,
Since, by (12.1), for all m ∈ N, there is c, c > 0 such that for all t ≥ 1 and x ∈ G,
and there is c > 0 such that, for t ≥ 1,
c m,n I m,n (t, x)
Now, by (12.1) and (12.2), there are c, c > 0 such that for all t ≥ 1,
Also, there are c, c > 0 such that
Thus we have
There are c 0 > 0 and c > 0 such that for all t ≥ 1 and all ω(x) ≥ c 0 ,
Let us fix a large N ∈ N, and let N > N , N ∈ N. Then, by (12.3),
Also, by (1.8) and Lemma 12.1, for all ω(x) ≥ c 0 ,
Let ε ∈ (0, 1). Then, by interpolating (12.7) and (12.8), we have
Let us observe that for all c > 0 there is c > 0 such that
≤ c e −ε|x| 2 /(c t) .
(12.10) Theorem 1.1 follows from (12.10), Lemma 12.1, and (12.9) by choosing N sufficiently large.
Proof of Lemma 12.1
The quadratic form q i j ξ i ξ j , being invariant with respect to the Weyl group W , coincides with a constant multiple of ξ, ξ on each irreducible factor of A with respect to the action of W . So, we assume for simplification that q i j ξ i ξ j = ξ, ξ = |ξ | 2 . Also, in order to have notation similar to the notation of [AJ] , we replace the letter ξ with the letter λ. Thus the terms I 0 , I j , and I m,n become
We estimate the expression
where p n (λ) is a homogeneous polynomial of degree deg( p n ) = 4k + , k, ∈ N, and where c 0 > 0 is a large constant to be fixed later.
If n = 0, then we just take p n (λ) = 1 and then F 0 = cI 0 .
We proceed as in [AJ] . Let π (λ) = ζ ∈ 0 ζ, λ , and let b(λ) = π (iλ)c(λ). The function b(−λ) ±1 is holomorphic (on the set {λ ∈ C , ω( λ) > −η} for some small η > 0), and (cf. [AJ, p. 1042 
Also, for all ν ∈ N d there is c ν > 0 such that
If ω(x) > 0 and t > 0, then b − i(x/(2t)) > 0 and for all λ ∈ regular and x ∈ A such that ω(x) > 0, where Q = ζ ∈ 0 Nζ is the positive root lattice and where the γ q (λ) are rational functions in λ ∈ C (which have no poles in the set {λ ∈ C , ω( λ) > −η} for some small η > 0), such that
with c and b independent of q ∈ Q and λ ∈ C , ω( λ) ≥ 0. Also, for all ν ∈ N d there is c ν > 0 such that
Clearly, Lemma 12.1 is a consequence of the following lemma.
LEMMA 13.1 For all n ≥ 0 there are c 0 > 0, c n > 0, and c > 0 such that for all t ≥ 1 and all ω(x) ≥ c 0 ,
(13.9)
In order to prove Lemma 13.1, we need the following lemmas. Their proofs are contained in [AJ, steps 2 and 6] . For reasons of completeness though, we reproduce the proofs here. By M we denote a fixed constant M ∈ N, M > dim n. r = ω(x)/C2t. This torus is contained in a + ia + , and hence by (13.1), Also, the polynomial π(λ) is skew with respect to the action of W ; that is, π (wλ) = π(λ) det(w) and divides every other polynomial that is skew (cf. [G] , [H, Corollary III.3.8] Then it follows from (13.13) and (13. The lemma follows from (13.34), (13.35), and (13.40).
∇
Thus Lemma 12.1 is proved.
